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An amplifier on cold, relativistic, guided electron beams is considered. The problem is reduced
to a set of first-order, linear, ordinary differential equations. The dispersion relation governing
the stability of the system is derived and its solutions are studied numerically. The results of the
calculations show that in the submillimeter regime, the spatial growth rates in the system may be
comparable to those predicted for Raman-free electron lasers.
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|. INTRODUCTION

A great experimental and theoretical effort has been
made in recent years in developing powerful sources of co-
herent radiation, using relativistic electron beams. In free
electron lasers, for example, the beams are scattered on peri-
odic magnetostatic structures and amplify electromagnetic
signals at a wavelength A~A,/2y?, where A, is the spa-
tial period of the scattering magnetic field and
y = [1 — (v/c)*] /% is the relativistic factor, v being the ve-
locity of the beam.' These devices have shown a capability
for operation in a wide frequency range from millimeter
waves to infrared. This broad spectrum of operation is ob-
tained by changing the energy of the electron beam, thus
varying the amount of the Doppler upshift in frequency,
which is proportional to 2.

A different mechanism of amplification of a high-fre-
quency radiation was suggested by Hirshfield et al.,> who
demonstrated the possibility of exploiting the cyclotron ma-
ser type instability at Doppler upshifted frequencies. In con-
trast to free electron lasers, the mechanism discussed? does
not need to have magnetostatic scattering and relies on the
electron beam gyrating in a strong uniform magnetic field.
The amplification of an electromagnetic signal is expected at
frequencies w~22(2, where £2 = eB /mcy is the relativistic
electron cyclotron frequency. As is common to many studies
of cyclotron masers, the electron beam? was assumed to have
the following velocity distribution function

Few,0,) =f(|v,|0,), (1)
where v, is the velocity perpendicular to the magnetic field.
Thus the direction of v, was assumed to be distributed uni-
formly. In this case the transverse and longitudinal electro-
magnetic modes in the system are decoupled and, as was
shown,? one of the transverse modes is spatially unstable.

In the present paper we are also exploiting the idea of
using relativistic electron beams in strong uniform magnetic
fields. In contrast to Ref. 2, however, we consider a different
velocity distribution function. We assume that initially, at
the entrance into the interaction region, the distribution
function is
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f(vx’vy’vz)|z=0 =A6(vx - vxo)a(vy - vj())
X8{v, —v,0), (2)

where § is the Dirac function. The interaction of such a beam
with radiation in a uniform axial magnetic field can be de-
scribed by the cold fluid model, as opposed to case (1), where
the study of the interaction of the beam with radiation re-
quires the Vlasov description.? In Sec. IT we will derive a
simple set of equations describing the evolution of the elec-
tromagnetic field along the device, by using a method similar
to that applied recently to free electron lasers.? In Sec. I11, we
will consider the momentum equation for the beam, which
will determine the current sources in the field equations. In
Sec. IV, we will reduce the dispersion relation governing our
system and demonstrate that the cold beam (2) couples the
longitudinal and transverse modes. This effect results in an
enhanced spatial growth in the amplifier, as will be demon-
strated in Sec. IV, where we will present numerical examples
and compare our results with the results of Hirshfield er al.
and those predicted for free electron lasers, operating in a
comparable regime.

il. FIELD EQUATIONS

Consider an electromagnetic wave propagating along a
relativistic cold electron beam, gyrating in a uniform mag-
netic field B = B,é, . Adopting a one-dimensional model, we
can describe the electromagnetic fields E(z,¢) and B{z,t) by
the system of Maxwell equations:

ce,x B _ B 4wy (3)
> or L
e, x s _ B, @)
> at’
JE,
5 = 4N, (5)
B,=0. (6)

Here V(z,t ) is the velocity of the electrons and N is the elec-
tron density, satisfying the continuity equation
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N 4
—+—(NV,})=0.
at +Bz( ) 7)

The subscript 1 in Egs. (3) and (4) describes components of
the electromagnetic field transverse to the z axis.

We are considering a stationary amplifier problem,
namely, introduce an electromagnetic perturbation of fre-
quency @ at z = 0 and solve for the electromagnetic field in
the device as a function of z. Consistent with this problem we
write

E(Z,t) - Re(m—cz a(z)eiw(z/c — f)) , (8)
e

Biz,t) = Re(.’l‘i biz)e /e~ )) ’ (9)
[4

Viz,t) = Vy(z) + Re(v(z)e”""’f =9, (10)

Nizt)=Ny+ Re(n(z)e”‘"”“ ") R (11)

where N, = const and V(z) are the density and the velocity
field characterizing the beam when the electromagnetic
wave is absent. Note that in Egs. (8) and (9) we are consider-
ing only rightward propagating waves, which is consistent
with the amplifier problem considered in this paper. Equa-
tions (3) and (4) can be now combined and yield on
linearization

dzal @ dal @
L= =i (wiv, + Vg, n), 12
= s c4(pl L") {12)
where w? = 47e’N,/m. Similarly Eq. (5) reduces to
w d n
i—+—a, = ——, (13)
( c dz) c?

and the linearized continuity Eq. (7) becomes

1|, (Ve d| YO I | )
?[zw( c 1) i dz]n B wp(l ¢ + dz b
(14)
Assume now that the various natural frequencies char-
acterizing the electron beam {such as 0, and 2 = eBy/mcy)
are much less than w. Then we expect the spatial variation of
a, b, v, and n to be on a scale slow compared to the fast
oscillatory part ¢ in Egs. (8)-(11). Namely, in order of
magnitude, for x = a, da/dz, v, n:

dnx
<—. 15
dz ¢ (13)
With this assumption we can rewrite Eqs. (12)—(14) in the

following approximate form:

@

da, 1
$=F(&12VL + Vo), (16)
a, =i, (17)
we
V 2
i[iw( o _ 1) vV, i]n - 22, (18)
¢ c dz ¢
ill. MOMENTUM EQUATION

Consider now the momentum equation

d d e(V
(5 v, E)(yV) - - ;(?x (B + Biz)] + Elz,z )) .19)
{
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In the absence of the electromagnetic fields, this equation
describes a gyrating electron beam with

Vo= —w[é, coskpz + &) + &, sin(kez + ¢ )] + ué, ,

(20)

where u,w = Const; k, = eBy/mcyu = 2 /u and ¢ defining

the velocity of the beam at z = 0. With no loss of generality

let us assume that ¢ = 0 and define a rotating coordinate
system with the base vectors

€ = —@. sinkyz+ @&, cosky, (21)
&= —@&,coskyz—¢&, sinkyz, (22)
é;=¢,. (23)

Then V;, = wé, + ©€; and the linearized momentum equa-
tion for perturbed velocities, in components along
&, (i = 1,2,3), becomes

1 u d
—liw|——1)4+u—|v
c[ (c ) dz]”’

= koo S+ 2)+ YL b, —a)), (24

Yo ¢ YoN€
—za)(i—l)—+—ui U= —Ww I; —L(i‘—b,—{-az),
c c 'z Yo Yo\C
(25)

i[‘m(i—l)—{-ui]%:u { +L(£b1—a3),(26)
c ¢ dz CYo  Yo\C

where similar to Egs. (8)-(11) we defined

¥ =vo+ Re(l"(z)e "), (27)
and
r= i[iw(i _ 1) e i]r . (28)
¢ c dz
The energy conservation equation
W o - LV, + V.E, + ViE)) (29)
dt mc

can be employed, to get on linearization
r=-Y4_“g,. (30)
¢

Finally, in the new coordinates, the field and density Eqgs.
{16)—(18) become

dd] wivl
84 kea, = , (31)
dz of2 207
da, |
— 4+ ka, =—(w v, + wn), (32)
dz o4 263( »U2 )
a, =i, (33)
we

2
i[ico(i—— 1) -+ ui]n = —1'&—03. (34)
¢ c dz ¢

Equations (24)—(26), (30), and (31)—(34) comprise a sys-
tem of first-order, linear, ordinary differential equations, de-
scribing our system completely for any given set of initial
conditions at z = 0. Note that due to the choice of the base
vectors €, ({ = 1,2,3) we have a system of equations with con-
stant coefficients, which allows us to seek the solution in

A. Fruchtman and L. Friedland 4012

Downloaded 04 Apr 2005 to 132.77.4.129. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



the form #(2) = ¢, exp(ikz), where ¢ stands for
v;,a;,b;(i = 1,2,3), I and n. Then Eqgs. (24)~{26) become

1
iAvlk = wko Usg + u(‘;‘:o Fk +7(—1:‘— b2k —alk) ’
c
()} () (35)
iAv,, = — AT, 2 — l(i by + aZk) , (36)
€Yo Yo\C
idvy, = —iaF 2+ H(Lh, —a), @)
€Yo YoMC
where
A=2(1_1)+ki. (38)
c\¢ ¢
Similarly Eq. (30) reduces to
iar, = — E‘z'zk - ig}k’ (39)
¢ ¢
and the field and density Eqgs. (31)—{34) give
wZ
ikay, — Koy = *% Uik » (40)
2c
. 1
iKay, + koayy = 56—3((0,2,”21( +wny}), (41)
ny
Qy =i—, (42)
wc
)
Ank = — L4 U3k . (43)
¢

Expressions for b,, and b,, in Egs. (35}~{37) can be found
from Eq. (4):

ic,
by = —ay, + Z)‘(lkazk + ko2yi) (44)
ic .
by =ay — Z)-(Ikalk — kottzi) - 43)

On using Egs. {40) and (41) on the left-hand sides of Egs. (44)
and (45}, substituting the resulting expressions and I, from
Eq. (39) into the momentum Eqgs. (35)—(37) and expressing
a,, through vy, via Eqgs. (42) and (43) we get

iwtuk,

wz
I(A + Pu z)vlk =(_’f___ 1)&.'. 3
2ywc ¢ Yo Acy,

2,2
+ “’k°[1+ Dk ]v3k, (46)

LY

c A%ty
) 0lu W ou a iotuw
I(A + 2 2)v2k = ("'_2— + - l)i - 2 2 U}k »
2y ¢ ¢ ¢ Yo 2¥c’4
{47)
 Aw(l — a wZwd
(A2—§2)03k=l LU( U/C) i+ P zvzk’(48)
¢ Yo  2ygc
where
w? W wr\ ]2
£ =Lz£(,(l7“7)] ' )

is the plasma longitudinal response frequency. Assume now
that

2
w‘,u

—r_ 1. 5
2o 4] )
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An a posteriori check of this assumption has shown that it is
satisfied for all the numerical examples considered in this
paper. Inequality (50) and additional assumptions of
w/cs1/y, and 1 — u/c«1, which are consistent with our
treatment of a high-frequency device, allow us to write the
solutions of Eqgs. (46)-(48) for v, (i = 1,2,3) in the following
approximate form:

wszaZk[ W} [1—(u/c)][1-—(w2/2c2)]]
1k = 1+ >

A 2?’0 Vo€ 47— §2
u\ Qi
f 1———) , 51
+ ( o yva (51)
2 2uw?[1 — (u/c
Uzk=mZk [l_l—'LUT’—wpxz [ 2 ( 2)]]’ (52)
4y, c ¢ 2%y~ 57
[Aw[]l — (u/c
by, = idw[ (u/c)lay (53)

cdd? =&,

IV.STABILITY ANALYSIS AND NUMERICAL EXAMPLES

On substituting Eqgs. (51)—(53) into the field equations
{40) and (41), we can write the latter as

€110, + €1xay, =0,

(54)
€318, + €308y, =0,
where the dielectric tensor is
(1 —u/c
e =ik — ol —u/c) _ } (55)
2c7y,4
@’ uw’k @21 —u/c
€= —ko— 02[ YE )2]’ (56)
2yc’a Yocld = =&
€, =k, (57)
0)? 2 2
ezz:,-k__g_[l _1_&2_923#—14_2/0)]
2cy,4 c ¢ ca =79
(58)

Existence of a nontrivial solution of Eq. (54) for a,,, a,,
requires

D =¢€,€;—€,6, =0, (59)

which is the dispersion relation governing our system.

When the beam density goes to zero, the dielectric ten
sor becomes €, = €,, = ik, €, = — €, = k,. The disper-
sion relation in this case yields k = + k,, which, of course, is
the vacuum solution. This suggests, that for a)f, #0, but small
enough, we can treat the terms proportional to w? in the
expressions for €,;, as small perturbations and seek solutions
for k in the form k = + k, + x, where |x| <k, We will use
this perturbative approach in the rest of the paper.

First let k = — k, + x. Then if w/ca~2k,y?, 4 is the
orderof k,and therefore 4 2 — £ *~~k 2, sothat the resonance
denominators in Eqgs. (56) and (58) are relatively large. The
solution for x in this case is real, the mode is stable and does
not contribute to the possible amplification in our system.
Consider now the case k = k, + x. The values of 4 in this
case will be of the order of x, if again w/c~2k,)?, and the
resonance denominator 4 2 — £ % in Egs. (56) and (58) may
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become very small. The dispersion relation now has the fol-
lowing approximate form:

B-A)A* £+ £% =0, (60)
where
_o(u_ “
B—C<C 1)+kOC, (61)
'_ _u
B =B +ko(1 c), (62)
_p xS
=B =k, (63)
and £ = wy,y/c.

The dispersion relation {60} has some features similar to
the case of a conventional free electron laser. The similarity
is expressed in the fact that as in the free electron lasers Eq.
(60) describes the coupling between the electromagnetic
{4~B ) and beam (A~ + {) modes and £ can be viewed as
the parameter characterizing the strength of the coupling.
Moreover, Eq. (60) reduces to the dispersion relation for the
free electron laser® if we set u = — 2k,,. Note, that for 4 <8
and £ ? small enough, Eq. (60) predicts a solution at 4~(.
Then u~ — k, and we can expect in this regime to have a
solution of (60) for 4 similar to the solution we have in a free
electron laser with the same values of k;, ¥,, and the beam
density twice lower than in our device. Together with these
similarities, the apparent difference from the case of a free
electron laser is in a more complicated form of u which leads
in our case to the higher-order dispersion relation and, as
will be shown below, to coexistence of more than one unsta-
ble modes.

We now present some numerical examples. Figure 1
shows the calculated growth rates of the two unstable

80 100 120 140 160

FIG. 1. Spatial growth rates Imk vs normalized frequency w/c. The
parameters are w/c* =2 cm~2 and k, =3 cm™!, %, =5 (solid lines)
and kq = 18.75 em~!, y, = 2 (dashed lines). For each set of param-
eters, two unstable modes are present in the system.
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FIG. 2. Spatial growth rates /mk vs normalized frequency w/c. The
parameters are ¥, =5, ko= 3 cm™', and w}/c* =2 cm~? (solid lines)
and w?/c? = 20 cm~? (dashed lines).

modes, which are present in the system, for fixed density of
the beam and two different combinations of the strength of
the axial magnetic field and the beam energy. The combina-
tions were chosen so that k;)»? in both cases remains the
same. In addition we used w/c = 0.1 in both regimes. The
comparison with the recent calculations for Raman free elec-
tron lasers,” shows that for the case of higher energy of the
beam (¥, = 5) the maximum growth rate in our system is
about 30% lower than in the free electron laser with the
same values of 7, w, and w?. If we use an approximate for-
mula Imk = we, /c*(2y,)"'* derived in Ref. 2 for the beam
(1), we find that for y, = 5 the gain in our system is ~40%
higher. For the second set of parameters, with lower beam
energy (¥, = 2), the maximum growth rate in our system
becomes considerably higher than that predicted in Ref. 2 in
this case (Imk~0.1 cm ™). In Fig. 2 we present the cases of
two different beam densities, and fixed values of k, and ¥,.
Significant enhancement of the growth rate is evident with
an increase of the beam density. For the higher density case
(@2/c* =20 cm™? the maximum growth rate is ~0.23
cm™' as compared to ~0.13 cm ™' for the beam (1) in this
case.

In summary, we have considered an amplifier based on
the fully cold, guided, relativistic electron beam. It has been
demonstrated that such a system may be superior to the de-
vice considered in Ref. 2. In the submillimeter regime the
growth rates of the unstable modes in our system are compa-
rable to those found in conventional free electron lasers. The
use of only uniform guide magnetic fields allows one to ex-
plore electron beams with larger radial dimensions, as com-
pared to those used in free electron lasers, where the best
operation is obtained close to the axis of a magnetostatic
scatterer. With all the aforementioned advantages, it is still
necessary to find the best experimental methods of achieving
the suggested configuration of the beam. The effects of a
thermal spread in the beam on the growth rates in the sys-
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tem, as well as nonlinear saturation effects also must be con-

sidered to provide better understanding of more realistic ex-
perimental situations.
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